Undulant Universe 
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If the equation of state for "dark energy" varies periodically, the expansion of the Universe may 
have undergone alternating eras of acceleration and deceleration. We examine a specific form that 
survives existing observational tests, does not single out the present state of the Universe as excep- 
tional, and suggests a future much like the matter-dominated past: a smooth expansion without a 
final inflationary epoch. 
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The discovery in measurements of distant supernova 
redshifts that the Universe is expanding at an acceler- 
ating pace 0, 0] has been reinforced and extended by 
detailed observations of anisotropics in the cosmic mi- 
crowave background and broad surveys of large-scale 
structure 0, |3- The weight of observational evidence 
points to a flat Universe whose mass-energy includes 5% 
ordinary matter and 22% nonbaryonic dark matter, but 
is dominated by the "dark energy" identified as the mo- 
tor for accelerated expansion. 1 The inferred Universe has 
been variously described as extravagant Q and prepos- 
terous \\(\ — extravagant, because we are acquainted with 
so little of the stuff that makes up the Universe, and pre- 
posterous because today's rough balance between matter 
and energy was unforeseen and might be a once in a life- 
time occurrence, not just for observers, but also for the 
Universe! 

Because the fossil record is spotty, and we are still 
learning how best to read it, there is much room for in- 
terpretation . The most economical description of the 
cosmological measurements attributes the dark energy 
to a cosmological constant in Einstein's equation — an 
omnipresent and invariable vacuum energy density |l2| . 
A dynamical option is to suppose that a cosmic scalar 
field, called quintessence, changing with time and var ying 
across space, is slowly approaching its ground state [ljj . 

On the cosmological constant interpretation, the vac- 
uum energy density would have made a scant contribu- 
tion to the energy portfolio of the young small Universe, 
but the future Universe would grow so quickly as to be 
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essentially empty of matter. Quintessence models admit 
many destinies. Neither proposal naturally explains why 
matter and vacuum energy should be of comparable im- 
portance at this moment in cosmic history. Responses to 
the "why now?" question range from anthropic rational- 
izations Q to cyclic cosmologies [l5| . 

In this Letter, we explore the possibility that the equa- 
tion of state of the vacuum energy is an oscillatory 
function of the scale of the Universe. We shall show 
that a simple Ansatz compatible with existing observa- 
tions responds naturally to the "why now?" problem and 
connotes a cosmic destiny similar to that of a matter- 
dominated critical-density universe. In common with a 
cosmological constant, but in distinction to quintessence 
(which embodies a frozen field), the dynamical origin of 
such a universe could have been present at early times. 

The expansion of the universe is determined by the 
Friedmann equation, 



(R/R) 2 = 87tGnp/3- k/R 2 + A/3 , (1) 



where H is the Hubble parameter, R is the cosmological 
scale factor, Gn is Newton's constant, p is the energy 
density, k = (+1,0, —1) is the curvature constant, 2 and 
A is the cosmological constant. It is convenient to de- 
fine the dimensionless scale factor, a — R/Ro, where the 
subscript denotes the value at the current epoch. The 
critical density, defined from 0), is p c = 3H 2 /8ttG^. 
The dimensionless cosmological density parameter is de- 
fined relative to the critical density as f^tot = p/ Pc at 
any epoch. We express the rate of change of the Hubble 
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1 For three complementary views of today's concordance cosmol- 
ogy, see Refs. 



2 If A = 0, the curvature constant determines destiny. For k = +1 
(closed Universe), the Universe recollapses in finite time; for k = 
(flat) and k = —1 (open), the Universe expands without limit. 
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parameter through the deceleration parameter, 
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where p is the isotropic pressure. If we define A = 
47tGnPa and introduce the equation of state w; = Pi/pi 
for any component of the universe, we can recast the de- 
celeration parameter as 



Q = \ Ei + 3itfi) = | (fit* + 3 £ 2 Jl^i 



(3) 



The equation of state of pressureless matter is w m = 0, 
and that of radiation is w r = | . We see by inspection of 
Eq. igj) that w A = -1. 

The ACDM proposal is parsimonious in its introduc- 
tion of a single parameter, 17a, but offers no explanation 
for the peculiar circumstance that Oa « tt m at the cur- 
rent epoch — and no other — in the history of the universe. 
It is interesting to probe the range of interpretations that 
reproduce the observed features of the universe. 

We investigate here the possibility that the physical 
characteristics of the vacuum energy vary with time, 
specifically with the number of e-foldings of the scale fac- 
tor, with an equation of state 



w v (a) — — cos(lna) 



(4) 



that matches the inference that w v q ~ — 1 in the current 
universe. 3 We assign the vacuum energy a weight f2„o = 
0.7, in line with observations, and take £l rn o = 0.3 and 
f2 r o = 4.63 x 10~ 5 . The present-day expansion rate is 
H a = 100 h km a' 1 Mpc -1 , with h = 0.71±j^ 4 0. 

Because over one period the equation of state l@J aver- 
ages to zero (the equation of state of pressureless matter) , 
the cosmic coincidence problem is resolved. We plot in 
Figure ^ the normalized energy densities of matter, ra- 
diation, and vacuum energy as functions of the scale pa- 
rameter a. These are given in terms of the normalized 
densities now as p m /PcO = ^mo/« 3 , Pr/Pco = ^ro/a 4 , 
and Pv/pcQ — g{a)Qvo/ a3 , where 



;(a) = e 3 /a da ' ™ , (°')/ a ' — g3sin(lna) 



(5) 



Looking back in time to the epoch of big-bang nucle- 
osynthesis at a a 10~ 10 , and forward to a — 10 +1 °, we 
see that the vacuum energy density crosses the matter 
density every tt e-foldings of the scale factor. These reg- 
ular crossings stand in sharp contrast to the ACDM cos- 
mology, in which A^ w A m only in the current epoch. 
Periodically dominant dark energy is in the spirit of 

Refs. mEa. 



3 Equations of state in volv ing cos(lna) have been explored, to a 
different end, in Ref. III! . 
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FIG. 1: Lower panel: Evolution of the matter (thin cyan), 
radiation (magenta, steepest line), and vacuum (thick blue) 
energy densities in the undulant universe, normalized to the 
critical density pi/p C Q, versus the scale factor a(t). Upper 
panel: Equation of state, Eqn. @, of the undulant vacuum. 



The Hubble parameter is now given by 



g(a)Q v il r 



(6) 



and the current age of the universe, to = da/ H(a)a, is 
13.04 Gyr, to be compared with 13.46 Gyr in the ACDM 
model. Both values are in good agreement with the age of 
(12.9 ± 2.9) Gyr inferred from globular clusters [20|. By 
calculating the time to reach a given scale factor, we can 
determine the history and future of the universe. During 
the radiation dominated era, which corresponds to a ^ 
10~ 5 , a(t) oc i 1 / 2 ; when matter dominates, a(t) oc t 2 l z . 

We show the results for three cosmologies in Figure |21 
The dashed (red) line corresponds to the "standard cold 
dark matter" (SCDM) cosmology that was canonical be- 
fore the discovery of the accelerating universe. The thin 
solid (black) line shows the ACDM cosmology, in which 
the present epoch marks the beginning of a final infla- 
tionary period that leads to an empty universe in which 
matter is a negligible component. The heavy (blue) line 
shows the prediction of Eqn. In the recent past, the 
periodic equation of state matches the behavior of the 
ACDM cosmology, but in the future it undulates about 
the SCDM prediction. 

The expansion of the undulant universe is character- 
ized by alternating periods of acceleration and deceler- 
ation shown by the deceleration parameter in Figure [3] 
For scale factors a between 0.1 and 1, the periodic equa- 
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FIG. 2: Evolution of the scale factor a(t) in three cosmolo- 
gies: the canonical ACDM model (thin black line); a critical 
universe (SCDM model) with f2 m = 1 (dashed red line); and 
the periodic equation of state @ (thick blue line). 
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FIG. 3: The deceleration parameter as defined in Eq. © for 
the undulant universe (thick blue line), ACDM model (thin 
black line) and SCDM model (dashed red line). 

tion of state tracks the behavior of the ACDM cosmology. 
But whereas ACDM is about to enter an era of sustained 
acceleration, the average behavior of the undulant uni- 
verse tracks that of SCDM. 

We have performed a number of checks to verify that 
the periodic equation of state is consistent with existing 
observations. At BBN, we find Cl v f» 2 x 10 -5 , which re- 
spects the bound fi„ < 0.045 (2a limit) [U]]. The model 
reproduces the luminosity distance modulus of the Su- 
pernova Search Team's gold and silver samples and 
the x-ray gas mass fractions determined by the Chandra 
X-ray Observatory H|. We find no significant 
difference between the linear growth factors |2fj| in the 
ACDM and undulant cosmologies. We will present de- 
tails elsewhere. 
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FIG. 4: Angular power spectrum (top panel) and T-E cross- 
correlation (middle panel) versus the multipole i, and matter 
power spectrum versus the wave number k (bottom panel), 
for the periodic equation of state Q (blue line) and for the 
ACDM model (black line) . The top panel shows experimental 
data from the WMAP experiment (red) |2S| and from the 
combination of all CMB data (purple) |29(l . The middle panel 
shows WMAP data. The data in the botto m p anel are from 
an independent analysis of the 2dF survey |30||. 

We have modified the cmbfast j^l code to compute 
the implications of the periodic equation of state for the 
anisotropics of the cosmic microwave background. We 
show in Figure0]that the undulant universe describes the 
angular power spectrum, temperature-polarization cross- 
correlation, and matter power spectrum with the same 
degree of fidelity as the ACDM model. 

The undulant universe offers a new response to the cos- 
mic coincidence problem: the current state of the Uni- 
verse, with f2 m « fl v and w v w —1, has happened before 
and will happen again. No fine tuning is required, in 
the sense that 0.5 < fl v < 0.9 with w v < —0.7 occurs 
with - 10% probability for 10~ 10 < a < 10+ 10 . We have 
not given a physical picture for the stuff that makes up 
the vacuum energy, though the program for construct- 
ing a potential in which a scalar field has the required 
behavior is clear |3l|,|32j. On the observational front, it 
is of clear importance to seek evidence that the vacuum- 
energy equation of state varies with time |33| , and to find 
new constraints at different epochs. 

Others have remarked [34| that no finite set of astro- 
nomical measurements made over a finite time will ever 
allow us to determine the ultimate fate of our Universe, 
and have quantified |3f| the limited reach of reliable ex- 
trapolations. The undulant universe explored here shows 
that the range of possible destinies for the Universe, even 
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in the near term, is very broad indeed. The universe need 
not necessarily evolve toward the cataclysm of terminal 
inflation or recollapse, but might continue the sedate drift 
of a big slink. 

Fermilab is operated by Universities Research Associa- 
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